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Abstract
Let sR be the Samuel compactification of the real line with its natural uniformity. We show that
the remainder sR \ R is not homogeneous.
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1. Introduction
The Samuel compactification of the real line with its natural uniformity is a Hausdorff
compact space sR together with a uniformly continuous mapping i :R → sR such that
every uniformly continuous mapping of R to an arbitrary compact Hausdorff space factors
through i. sR is also described as the completion of R with respect to the finest precom-
pact uniformity which is coarser than its natural uniformity. Every uniformly continuous
f :R → R determines a unique continuous mapping f¯ : sR → sR.
Ordinary addition on R can be extended to sR as follows. For x ∈ R, the uniformly
continuous mapping y → x + y from R to itself can be extended to a continuous mapping
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240 ˙I. Akça, M. Koçak / Topology and its Applications 149 (2005) 239–242from sR to itself and for each η ∈ sR, the uniformly continuous mapping x → x +η can be
extended to a continuous mapping from sR to itself. Thus binary operation on sR defined
by double limit process. If ξ, η ∈ sR, ξ + η = limx→ξ limy→η(x + y). We shall denote
the semigroup operation of sR additively since it is an extension of ordinary addition. We
shall consider R as a dense subspace of sR. The mapping ϕ(x, ξ) = x + ξ is a continuous
mapping from R × sR to sR. (Cf. [1].)
We shall regard Z as embedded in R. We can then regard βZ as embedded in sR, since
the embedding of Z in R extends to an embedding of βZ in clsR Z which is an algebraic
isomorphism. We shall denote sR \ R by γR and βZ \ Z by Z∗.
2. Non-homogeneity of sR \R
Theorem 2.1. Each point ξ ∈ sR can be expressed uniquely as ξ = x + µ for some x ∈
[0,1) and some µ ∈ clsR Z  βZ. Furthermore, this decomposition defines a mapping
ξ → (x,µ) from sR \ clsR Z to (0,1) × clsR Z which is a homeomorphism.
Proof. Let ξ ∈ sR. For n ∈ ω and i < 2n put Cn,i =⋃k∈Z(k+ (i−1)2−n, k+ (i+1)2−n).
The family Cn = {Cn,i : i < 2n} is a finite uniform open cover of R. Since ξ is a minimal
Cauchy filter there must for every n be an i such that Cn,i ∈ ξ . Let in be the minimal such
i. Let xξ be the limit limn i.2−n and let µξ = {A: ⋃k∈A(k + xξ − 14 , k + xξ + 14 ) ∈ ξ}. It is
easy to verify that µξ is a minimal Chauchy filter.
It is clear that ξ = xξ + µξ and this expression for ξ is unique and the mapping
ϕ : (x,µ) → x + µ from [0,1) × clsR Z to sR is bijective. We know that ϕ is continu-
ous. To complete the proof, let x ∈ (0,1) and let µ ∈ clsR Z. Choose b ∈ (x,1) and a
clopen neighbourhood U of µ in clsRZ. Since [0, b] × U is compact the restriction of ϕ
to this neighbourhood of (x,µ) in [0,1) × clsR Z is a homeomorphism. It follows that the
restriction of ϕ to (0,1) × clsR Z is an open mapping. 
Lemma 2.2. For every uniformly continuous function g :R → R, there is a positive real
number c such that |g(x) − g(y)| c|x − y| whenever |x − y| 1.
Proof. Since g is uniformly continuous there is a positive real number δ such that |x−y| <
δ implies that |g(x) − g(y)| < 1. Suppose that y  x + 1 and let n be the natural number
for which x + nδ  y  x + (n + 1)δ. Then
∣∣g(x) − g(y)∣∣
n−1∑
r=1
∣∣g(x + (r + 1)δ)− g(x + rδ)∣∣+ ∣∣g(y) − g(x + nδ)∣∣ n + 1.
Since y − x  nδ and y − x  1,
∣∣g(x) − g(y)∣∣<
(
y − x
δ
)
+ y − x <
(
1
δ
+ 1
)
(y − x).
Hence if we choose c = 1
δ
+ 1, the result follows. 
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then no homeomorphism of sR maps ξ into sR + sR.
Proof. By dropping a finite number of terms we may suppose that ni+1 − ni > 1. Let
h(ξ) = η for some η ∈ sR + sR. By Theorem 2.1 we can write η = x + µη + µη′ for
some µη + µη′ and µη,µη′ ∈ βZ \ Z. We may suppose that h(µξ ) = µη + µη′ . As h is
a homeomorphism of sR, the restriction h|R of h to R is a homeomorphism of R into
itself for which h|R and h−1|R are uniformly continuous. So by Lemma 2.2, h|Z and h
−1
|Z are
Lipschitz functions from Z to itself and so there is a constant c such that |bni+1 − ybi | 
c|h|Z(bni+1)−h|Z(bni )| for all n ∈ ω. But this implies that lim(h|Z(bni+1)−h|Z(bni )) = ∞.
On the other hand h(µξ ) ∈ clsR{h|Z(bni ) | ni ∈ ω}, that is {h|Z(bni ) | ni ∈ ω} ∈ h(µξ ) =
µη + µη′ . But this is a contradiction since it is a well known fact that no point of Z∗ + Z∗
can contains such a set. 
Definition 2.4. A space X is homogeneous iff for every x, y ∈ X there is a homeomorphism
f of X onto X with f (x) = y.
It is a well known fact that if X is non-pseudocompact topological space, βX \X is not
homogeneous; in particular, βR \ R is not homogeneous. (Cf. [2].)
Proposition 2.5. γR is not homogeneous.
Proof. By Theorem 2.1, we know that each ξ ∈ sR can be expressed uniquely as ξ =
xξ + µξ , where xξ ∈ [0,1) and µξ ∈ Z∗.
Let U = γR \ Z∗ and let ϕ :U → (0,1)× Z∗ be defined by ϕ(ξ) = (xξ ,µξ ), where ξ
has the decomposition given above. By Theorem 2.1, ϕ is a homeomorphism. It follows
that each point in U has a basis of neighborhoods of the form ϕ−1((a, b) × V ), where
(a, b) is an open interval in R and V is an open subset of Z∗.
We first show that two points ξ1, ξ2 of U belongs to the same component of U if and
only if µξ1 = µξ2 . To see this, suppose that ϕ(ξ1) = (xξ1 ,µξ1) and that ϕ(ξ2) = (xξ2,µξ2).
If µξ1 = µξ2 , µξ1 and µξ2 are connected by the path P in U which is defined as t →
(1 − t)xξ1 + txξ2 + µξ1 , where t ∈ [0,1]. On the other hand, µξ1 and µξ2 cannot belong to
any connected subset C of U if µξ1 = µξ2 . If they did, C would be a connected subset of Z∗
containing the distinct points µξ1 and µξ2 which is impossible since Z∗ has no non-empty
connected subsets other than singletons.
Now choose ξ, η ∈ U with the property that µξ is a weak p-point in Z∗, but µη is not.
There will then be a sequence (ηn) in U having η as a limit point, for which non of the
points µηn are equal to µη. Suppose that f :γR → γR is a homeomorphism for which
f (ξ) = η. We can choose a neighborhood W of ξ which has the form ϕ−1((a, b) × V )
and satisfies W ⊆ U ∩ f −1(U). Let ξ1, ξ2 ∈ W . If µξ1 = µξ2 , then the path P defined in
the preceding paragraph will lie in W . It follows that f (ξ1) and f (ξ2) will belong to the
connected subset f (P ) of U , and hence that µf (ξ1) = µf (ξ2). Since ξ is a limit point of
(f −1(ηn)) ∩ W , we must have µf −1(ηn) = µξ for some n for which f −1(ηn) ∈ W . This
implies that µηn = µf (ξ) = µη, which is a contradiction. 
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